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MOCK THETA DOUBLE SUMS 


JEREMY LOVEJOY AND ROBERT OSBURN 


Abstract. We prove a general result on Bailey pairs and show that two Bailey pairs of Bring- 
mann and Kane are special cases. We also show how to use a change of base formula to pass 
from the pairs of Bringmann and Kane to pairs used by Andrews in his study of Ramanujan’s 
seventh order mock theta functions. We derive several more Bailey pairs of a similar type and 
use these to construct a number of new g-hypergeometric double sums which are mock theta 
functions. Finally, we prove identities between some of these mock theta double sums and 
classical mock theta functions. 


1. Introduction 

1.1. Bailey pairs. A Bailey pair relative to a is a pair of sequences (a n ,/3 n ) n >o satisfying 

n 


&. = £ 


k =0 


i.Q)n—k (flq)n+k 


or equivalently 


Otn. = i - 


(1 - aq 2n ) J2 (0gWj '-^r 1)W Jg(V W 


3=0 


( c l)n-j 


( 1 . 1 ) 


( 1 . 2 ) 


Here we have used the standard g-hypergeometric notation, 


( a )n — { a 'i q)n — H (1 


aq 


k-1\ 


k =l 


valid for n E N U {oo}. The Bailey lemma says that if (a n ,j3 n ) is a Bailey pair relative to a, 
then so is (a' n ,(3' n ), where 


and 


/ = ( Pl)n{p2)n{aq/P 1 P 2 T 

(aq/p 1 ) n (aq/p 2 ) n 


(1.3) 


n, = (pl)k(P2)k(aq/plP2)n-k(aq/plp2) k „ ( 

Pn {aq/piUaq/p 2 Uq) n . k Pk ~ 1 ‘ j 

A useful limiting form of the Bailey lemma is found by putting (11,311 and (jl.4l) into (11. ip and 
letting n —>• oo, giving 
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1 ^ 2 {Pl)n(P 2 )n(aq/P 1 P 2 T Pn 
n> 0 


( aq/pi)o 0 (aq/p2)o 0 (pi)n(p2)n(aq/P\P2) n 

(aq) 00 (aq/pip 2 ) 00 “ (aq/pi) n (aq/p 2 ) n 


(1.5) 


For more on Bailey pairs and the Bailey lemma, see mmm- 

This paper has its origins in the following two Bailey pairs discovered by Bringmann and 
Kane {9J • First, ( a n ,b n ) is a Bailey pair relative to 1, where 


and 


a 2n+1 = -(1 - q 4n+2 ) 

, _(-l)W)n-r 


n —1 

E «" 2 ' 2_2 t 

j=-n 

(1.6) 

n 

> 2 v q -v, 

(1.7) 


]=-n 


(?)2n-l 

and second, (a n ,/3 n ) is a Bailey pair relative to q , where 


x (n / 0 fl 


n— 1 


C* 2n — 


1 [ 2n 2 +2n -2j 2 -2j 


1 -q 


E q~ 22 ~ 22 + q 2n Y. 1~ 2> 


3=~n 


j=-n 


Oi2n+l ~ 


- / n n 

_ 1 I „2n 2 +4n+2 ^ _|_ g 2n 2 +2n ^ g -2j 2 -2j 


1-9 


j=-n 


j=—n —1 


and 


Pn = 


(-1 yW) 


( 1 . 8 ) 

(1.9) 

( 1 . 10 ) 

( 1 . 11 ) 


(9)2n+i 

These are highly reminiscent of three Bailey pairs discovered by Andrews [3] in his study of 
Ramanujan’s seventh order mock theta functions. Namely, he showed that (^4 n (0), B n (0)) and 
(A n (l),B n (l)) form Bailey pairs relative to 1, where 

n n —1 


A 2n ( 0) = q 3n2+n Y] q-i 2 - q 3n2 ~ n Y 

9 

(1.12) 

j=-n j=~n +1 


n 

A 2n+ i(0) =-q 3n2+4n+1 Y q~ j2 ~ j + Q 3n2+2n 

j=—n —1 

71—1 

E 

j=-n 

(1.13) 

B ” <0) - (,»+!)„’ 


(1.14) 


^As usual, x(X) = 1 if X is true and 0 if X is false. 
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n —1 


A 2n (l) = -(1 - q 4n )q 3n2 - 2n 


3=-n 


A 2 n+l(l) = (1 ~ q* n+2 )q 3n2+n J2 


,~3 


]=—n 


and 


1 


Bn{l) = + °)» 


while (An(2), B n (2)) is a Bailey pair relative to q, where 

1 


A 2n ( 2 ) = 

A 2n -\-i ( 2 ) = — 


1 - q 

1 


n—1 n 

q 3n2 + 2n q- j2 ~ j +q 3n2+n £ 9 


-3 


3=—n 


3=—n 


1-9 


q 


3 n 2 +5 n +2 


^ q~ j2 + q 3n2+4n+1 q ' 

j=-n -1 


3=-n 


and 


(1.15) 

(1.16) 

(1.17) 

(1.18) 

(1.19) 


^ (2) = (L20) 

Our first goal in this paper is to prove the following results, which will lead to more Bailey pairs 
like those of Bringmann-Kane and Andrews. Note that Theorem 11.31 is simply an application of 
Theorem 11.11 followed by an application of Theorem 11.21 


Theorem 1.1. If ( oe n ,/3 n ) is a Bailey pair relative to 1 with «o = Po = 1; then (a' n . f3' n ) is also 
a Bailey pair relative to 1, where a' 0 = f3' 0 = 0, 

n —1 

«2„ = -(1 - 9 4 V" 3 - 2 ” XI q- 2i2 - 2i a 2j+ i, (1.21) 

3=0 


and, for n > 1, 


4..+1 = -(1 - 9 4 " +2 )9 2 ” 3 


Y i 2,2a 2 j, 


3=0 


Pn 


Pn-1 

1 _ q 2n-l ■ 


( 1 . 22 ) 


(1.23) 


Theorem 1.2. Suppose that ( a n ,f5 n ) is a Bailey pair relative to 1 with a o 
(a' n ,/3' n ) is a Bailey pair relative to q, where 

/_ 1 f a n+l q 2 n U n \ 

1 - q V 1 - q 2n+2 1 -q 2n J 

and 

Pn = Pn+1 ■ 


fio = 0. Then 


(1.24) 

(1.25) 










4 


JEREMY LOVE JOY AND ROBERT OSBURN 


Bailey pair relative to q, where 

1 


®2 n 


a 2n+l ~ 


1 - q 


1 ~q 


3=0 


2n 2 +2n V" 2i 2 —2j, 


E' 

3=0 


and, 


oil fin 


fin = 


n 1 _ q 2n+l ' 


with uo = fio = 1, then 

{u'h,fi'h) ^ a 

n —1 \ 


1 q~ 2j2 ~ 2j (*2j+i , 

(1.26) 

3=0 ) 


n \ 


q 2n^n + 2Y^q-^ a2 j\ 

(1.27) 

3 =0 / 

(1.28) 


An application of Theorem 11.11 or 11.31 to a “typical” Bailey pair (from Slater’s list [16], for 
example) will give a positive definite quadratic form in the power of q occurring in a n . However, 
there are a few cases where we obtain an indefinite quadratic form. For example, using Theorems 
11.11 and P and the following Bailey pair relative to 1 from Slater’s list m p. 468], 


and 




1, if n = 0, 

2(—l) n , otherwise 


Pn (q 2 ;q 2 )n 

we recover the Bailey pairs of Bringmann and Kane in (|1.6j) - (ll.llj) . Some other examples are 
recorded in Corollaries 12.21E01 Andrews’ Bailey pairs in (I1.15P (ll.2(jp do not seem to be simple 
applications of Theorems 11.1117711 but they can be deduced from (11.611 - (11.111) using a change of 
base formula. We discuss this in Section 0 For another treatment of these pairs, see [6]. 


1.2. Mock theta functions. An important difference between the pairs of Andrews and those 
of Bringmann-Kane is that the former yield mock theta functions when substituted into (11.51) . 
while the latter do not. However, as we showed in m, the Bailey pairs of Bringmann and Kane 
do give rise to mock theta functions after an appropriate application of the Bailey lemma. These 
mock theta functions are q-hypergeometric double sums. 

To recall them, we need some special functions. We use the classical theta series 

j{x,q) ■= = (x) 00 {q/x) 00 (q) 00 , 

nEZ 

and for brevity, we write J m := J m>3m with J a ^ m := j{q a ,q m ), and J a ^ m := j(~q a ,q m ). We also 
use the Hecke-type series 


e-e) 

r,s>0 r,s <0 / 


fa,b,c(x, y, q) : 


(_ \y+ s x r y s q a Q +brs + c {l) 


(1.29) 
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which is an indefinite theta series when ac < b 2 . Here, we assume a, c > 0. Finally, we employ 
the Appell-Lerch series 


m(x, q, z) 


1 ^ (-l) r g(a)* r 

j(z,q) “ 1 - q r ~ 1 xz ’ 


(1.30) 


where x, z E C* := C\{0} with neither z nor xz an integral power of q. The Appell-Lerch series 
is a “mock Jacobi form” which specializes to a mock theta function when x and z are of the 
form £ q~n with £ a root of unity [ T8l [T9] . Recall that a mock theta function is the holomorphic 
part of a weight 1/2 harmonic weak Maass form /(r) (as usual, q := e 2mr where r = x + iy € H) 
whose image of under the operator £i := 2iyv-^= is a unary theta function [T5l fl8l . 

The main result in [13] contains identities equivalent to the following. 

Theorem 1.4. [13, Theorem 1.3] 


Wl(q):=Yl E 


n> 1 n>j>l 
-2 q 2 


(-1 )j(q;q 2 )j-i(-iyq n2+ ( j > 1 ) 

( q)n{q)n—j{q)2j—i 


(q)c 


/3,5,3(9 ,<r,q) 


= 4m(-g 17 , q 48 , g 24 ) - 4 q 5 m(-q, g 4S , q 24 ) - 2 q 


48 24 \ o 2 J8 Jl 2 J 96 J 7,16 J 4,24<46,48>^30,96 


w 2 jy E 

ri >1 n>j>l 

= g(g;g 2 )c 
(g 2 ;g 2 )c 


(g; g 2 )n(-i)j(g; g 2 )j-i(-i) n+J 'g^ J ^ 

{-q)n(q)n-j{q) 2 j-i 

/i,3,i(-g 2 ,-g 2 ,g) 


J24 <448^3,8^2,12 ^14,96^46,96 


. / 8 4\ 1 ^1,8^3,8^2,16 

= 4m(—g, g 5 , q ) + g-- 


W s(g):=E E 

n>l n>ji>l 

2g 3 (g;g 2 ) c 


(g2-g2^ 


«/ 8 Vi 6 

(g;g 2 )n(-i;g 2 ) J -(g 2 ;g 4 ) J -- 1 (—i)" +J g ra2+j2+J ' 

(-g 2 ; g 2 )n(g 2 ; g 2 )n-j(g 2 ; g 2 )2j-i 

£ /l,2,l(-g/-g 7 ,g 4 ) 


= 4m(-,, 9 y ? ‘) + 2, s 4H ; 

j 1,4 


(-g);(g;g 2 )i(-i)V 2+n+(Jtl) 


W4(<?) ' Sn£ (-g)n(?)n—i(g)2i+l 

1 ',3 3 


(g)c 


-/3,5,3(9 ,g ,g) 


(1.31) 


(1.32) 


(1.33) 
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= -2q~ 4 m(-q 5 ,q 48 ,q 24 ) - 2 q~ 2 m(-q 11 


q 48 ,q 2A ) + 


JsJl2 ^96^3,16^4,24^6,48^18,96^30,96 
J‘2A J 4 8 -h ,8 '^2,12 -75,96 '^26,96 -718,96 

(1.34) 


In particular, Wi(< 7 )—W 4 (g) are mock theta functions. We remark that the series defining 
W 2 (q) does not converge. However, similar to the classical sixth order mock theta function /x(g) 
0, the sequence of even partial sums and the sequence of odd partial sums both converge. We 
define as the average of these two values. This averaging is denoted here and throughout 

by the notation . 

The second goal of this paper is to use Bailey pairs arising from Theorems 1 1.1 1 and 1 1.31 to obtain 
many more mock theta functions like Wi^WV^g). Just as with the pairs of Bringmann and 
Kane, this first requires one application of the Bailey lemma, and so the mock theta functions 
we obtain are q-hypergeometric double sums. We record these mock theta functions in three 
separate results, corresponding to three sets of Bailey pairs. We first express the double sums 
in terms of the indefinite theta series (11.2911 and then in terms of the Appell-Lerch series (|1.30|) . 


Theorem 1.5. The following are mock theta functions. 

(-i)i(-i )V 2+ ® 




n>1 n>j> 1 


( -q)n(q)n-j(q 2 ; q 2 )j- 1(1 - q 2j x ) 


2 g 

(q)oc 


/3,5,3(<? 4 , <? 6 , <?) 


= 4 q 3 m(-q 7 ,q 48 ,q 24 ) + 4m(-q 25 ,q 48 ,q 24 ) - 2 - 2 


^8^12^96^1,16^4,24^6,48^18,96 
J24 <^48 <^3,8^2,12^2,96 <^34,96 


(q) : = J2 12 

n> 1 n>j> 1 

(q;q 2 ) 


(q;q 2 ) n (-l)j(~l) n+j q® 


( q 2 ;q 2 ) 

= 4m(-q 5 ,q 8 ,q 4 )-2- 


( -q)n(q)n-j(q 2 ; q 2 )j- 1(1 - q 2j x ) 

h, 3 ,i(-q,-q 3 ,q) 

■^ 1 , 8 ^ 3 , 8 ^ 6,16 


M 3 (q):=J2 J2 

n> 1 ri>j> 1 
2g(g;g 2 )oo 


(g 2 ;g 2 


J$Jw ’ 

(g;g 2 )» 1 (-i;g 2 )j(-i) ,t+J g raa+J ' 2 - J ' 

(-g 2 ; q 2 )n(q 2 ] q 2 )n-j{q 4 ', q 4 )j- 1(1 - q 4j ~ 2 ) 

/i ) 2 ,i(-g 5 ,-g 9 ,g 4 ) 


= 4 m(-q 7 , q 12 , q 4 ) -2 + 2 


^ 12 ^ 5,12 


M 4 (q):=J2 12 


n>0n>j >0 


^4,12-^1,12^3,12 

(-iy q n 2 +n+(i) 
(-g)n(g)n-j(g)j(l ~q 2j+1 ) 


(1.35) 


(1.36) 


(1.37) 
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(g) c 


-/3,5,3(<? ,g ,g) 


= 2m(—q 29 , g 48 , <? 24 ) - 1 - 2(T i m(-g 13 , g 48 , g^ 4 ) + q 


-l 


,13 „48 24\ 


_ _ (-ly.rn+a) 
M 5 (q):=J2 E rr ffn — r+M 

nTo n >7>0 (?)n-i(g)i(i-g 2 J +1 ) 


4,24 <^6,48 <A8,48 

J'24 J'isJ l,8 J‘2.V2-h 0,96 'h‘2. 96-^42,96 ’ 

(1.38) 


(-g)c 

(g)<X 


■j wj* 
,3 „2n 


-/i,2,i(g,g ,g' 


= 2m(q 5 , g 6 , q 2 ) — 1 — q- 


t3 

J 6 


' <^2,6<^3,6 

Theorem 1.6. 77ie following are mock theta functions. 

i-iyq^i 1 ) 


(1.39) 


M 6 (q):=J2 E 


n>l n>ji>l 
„2 


(g)n-j(g)i-l(l - g 2i_1 ) 


-f3j,3(q 5 ,q d ,q) 


(q) c 


= m(-g ,g ,g 8 ) - g 8 m(-g ,g ,g ) + q +q m(-q 

-1 / 79 120 3\ , -1 -11 <^12,48^16,40 <-^2,20 <-^3,40-^17,40<^40 

— q m(—q ,q ,q)+q —q — 


119 ,120 „3i 


,g 


,-14 


+ g 


+ 1 

M 7 (q):=J2 E 

n>l n>j»>l 

2g 2 (-g) 


^1^3,120<^6,40^20^80 
_4 ^24,48 < A,40^4,40 </ 1,40^8,20 J4,40^18,40^80 
<^1 '^3,120 ’-^6,40 J 2,40 -^20 <^40 
_ 12 ^24,48^1,40^4,40^ 1,40^8,20 J 16,40^42,80 


JlJ3,V2oJ 6,40 J 2,40 <^90 <-^80 

( -i) w (-iy g m + (n i ) 

(g)n-i(g)i-l(l - g 2i_1 ) 

-/w(g 4 ,g 5 ,g 2 ) 

-1 <^4,8 <^16,32 <^1,16 <^14,32 


(1.40) 


(g)o 

= 2 q~ 1 m(—q, g 16 , q _1 ) — 2(7 


A4 8 (g) := 2^ 

n>l n>j>l 

q{q;q 2 ^ 


<^1,2<^2,16>^0,16 

(g;g 2 )n(-l) n+J g^ J ^ 

(g)n-j(g)j-l(l - g 2i_1 ) 

2 3 


(1.41) 


(g 2 ;g 2 ^ 


/l,5,l( g ,-g ,g) 


D 1 7 24 6\ 1 o -2 ! 24 -6\ , <A <^3,8 <^2,16 

= 2 m(-q ,q ,q) + 2q m{-q,q ,q ) + q -—-, 

<12 <116 


(1.42) 
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Mg(q) 


Mio(q) 


Mn(q) 


Mr 2 (q ) 


-E E 

n> 1 n>j> 1 

q 3 (q-,q 2 ^ 


OO 




(g;g 2 )n(-i) n+J g n2+i2+J ' 

(g 2 ; q 2 ) n -j(q 2 ; g 2 )j-i(l - g 4j_2 ) 

/l,3,l( —<7', —<? 9 , Q 4 ) 


OO 

,32 -2\ 


/ 8 42 -2\ -1^64^28,64 . _i ^8,16^32,64^4,32^24,64 

= m(—q , q ,q )-q ;- +q 


==E E 

n>l n>;>l 

2 g 3 (-g)< 


</32<A,64 

(-l)2n(-iyg n+i2+j 

(<? 2 ; q 2 )n-j(q 2 ; g 2 )j-i(i - g 4i_2 ) 

—/l,5,l(<? 5 , 9 7 , O' 2 ) 




(1.43) 


1,4 x'6,32 <4 2,32 


(7)oo 

„10 „48 2 


=-2g ^(-g , g ,g )-2q 4 m(-g 2 , g , q 2 ) - 4 q 


-3 <^8,32^20,48 J 22,48 <-^2,24 <-^6,48 <-^96 


. 0 6 <^16,32<^4,48<^2,48<^10,24<^4,48<^20,48 <^96 . n -4 

+ 2g- 1 —=—=r2-----h 2g 

</l ,2 </8,48 </o,48 <^24 <^48 


JlfiJ 8,48 J 0,48 <^24 <^2,48 
_ 4 </l6,32<^4,48 J 2, 48<^10,24^20,48 <^44 96 


Jl,2J 8,48 J 0,48 <-^24 <-^96 


(1.44) 


: =E E 

n >0 n>j >0 

1 


(<?)c 

= g~ 8 m(—g 


(3)n-i(9)i(l-(^' +1 ) 

/3,7,3(g 3 ,g 4 ,7) 


17 „120 , —3\ 


, g' 4 ) + q- & m{-q z \ q g 4 ) - q- l m(-q*‘,q™, g a ) 


23 120 3 


-1. 


_47 „120 „3\ 


+ g i2 m(-g 7 ,g 12U ,g 4 ) + g 


_ -9 J 12,48<A,40<^8,40<^ 19,40<^6,20<^ 12,40<^18,40 </. 


40 


+ 1 


_ 4 <^12,48^1,40<^8,40 J 19,40 <^6,20 <^8,40 <^ 19 , 40 ^ 1,40 
<A<^3,120 <^14,40 J 10,40 <^20 <Ao <^80 


<A <^3,120 <-^ 14,40 J 10,40 <^20^80 

—r2 


-4 <^24,48<^1,40<^12,40<^ 1,40<^4,20<^ 12,40<A8,40 <-^80 -8 ^24,48<^1,40<^12,40<^1,40<A,20<^8,40<^38,80 

g - — —^- : -g - 

4 XX XX x) X 4 


: =E E 

n >0 n>j> 0 

(-7) 


JlJ3,12oJ 14,40 J 10,40 <^20^40 


<A <^3,120 <-^ 14,40 J 10,40 <^20^80 


(1.45) 


(?)c 


(3)»-i(g)i(i-g !y+1 ) 

flfrltf, <?,<?) 


=-g m(-q,q b ,g) + g 


»^ 4,8 <-^16,32 <^5,16 <^6,32 
JlfiJ 6,16 J 4,16 


(1.46) 
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Theorem 1.7. The following are mock theta functions. 


■M r3 (q) 

n> 1 n>j >1 

q 


(-1 )V 


,2i(U 


(q)n-j{q)j-i(l - q 2j x ) 

/3,7,3(g 4 ,g 7 ,g) 


( q)oo 

= mf-q 59 , q 120 ,q~ 9 ) - q~ 7 m(-q 19 , g 120 , g' 9 ) - q~ 4 m(-q 29 , g 120 , q 9 ) 

-10 / 11 120 -9\ -8^12,48^3,40^16,40^17,40>^2,20<^4,40^14,40^40 

— q m(—q , q ,q ) — q 


JlJ9,12oJ 10,40 J 2,40 e ^20'^80 


-f2 


- q 

+ q 

+ q 


_ 9 <^12,48^3,40^16,40^17,40^2,20^ 16,40^17,40^3, 


40 


Mu(q) := 

n> 1 n>j >1 

2g(-g)o. 


<ll<l9,120<l 10,40 <^2,40 <^20 ^40 <^80 
-2 ^24,48 ^3,40^4,40^3,40Jg,20^4,40<ll4,40^80 
<ll<l9,120<l 10,40 J 2,40^20*^40 
_ 10 ^24,48*^3,40<A,40^3,40<^8,20^ 16,40^34,80 
<ll<l9,120<l 10,40 <1 2,40 >^20 *^80 

(-i) w (-iV g ("^)+( J a ) 

(^)n-j(g)j-l(l - g 2i_1 ) 

-/w^V) 


(?)c 


,<l4,8<ll6,32<ll,16<ll4,32 


= 2m(—q 7 , q ie , q~ 3 ) — 2- 

'll,2^2,16^4,16 

(g;g 2 ),M) n+ ^ 

(9)n-j(g)i-l(l - ^ _1 ) 
/ l , 5 , l ( —< 7 , — O ’ 4 , <?) 


-^ 15 ( 7 ) ^ 

n>l n>?>l 

(g;g 2 ^ 


(<? 2 ;<7 2 ) 

= 2m(-< I 1 W) - 2 <r 1 m(-<; 5 ,</ 2 V) + Jl Jl ' sJli46 


•lull 6 


M 16 (q) := E E 

n> 1 n 

= g(g ;q 
(q 2 -,q 2 ) 
-1 


n>l n>j> 1 
2\ 


(g; g 2 )n(—i) n+Jl g n +J 

(g 2 ; q 2 )n-j(q 2 ', g 2 )j-i(i - g 4 - 7-2 ) 


fi,3,i(-q b ,-q U ,q*) 


(1.47) 


(1.48) 


(1.49) 


= -? V m{-q^q^,q 6 ) + ^ + 


^32^10,32</e,32 1 <18,16 <132,64 <14,32 <124,64 


<16,32 <ll6,32 <1 0,32 J 10,32 


<11,4<12,32<110,32 


(1.50) 
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Mn(q) := X X 

n> 1 n>j >1 
Q)oc 


(-l) 2 n(-l y q 


— 1 Vn n +j-i 


(g 2 ; q 2 ) n -j(q 2 ; q 2 )j-i(l - q^~ 2 ) 


/l,5,l(^V) 


(<?)c 


= 2m(—c/ 22 , g 48 , g~ 6 ) + 2«T 1 m(-g 14 , g 48 , g“ 6 ) - 2 q' 


3 ^8, 32^20,48^18,48^2,24^4,48^12,48^48 

Jl,2J 16,48 J 8,48^24^96 


-=2 


„ _! ^8,32^20,48^18,48^2,24^20,48^18,48*^6,48 . n 10 <^16,32<^4,48 <^6,48<-^10,24<^4,48^12,48<-^96 

— 2 q -=-=--- : -b 2 q — 


+ 2 


M ls (q) := X X 


Jl, 2^16,48^8,48^24 *^48 *^96 
^16,32^4,48 <^6,48 >^10,24 <^20,48 ^36,96 
Jl,2J 16,48 J 8,48^24*^96 
(l)i g " 2 +^+(2) 


J\,2^ 16,48 J 8,48^24*^48 


n>0 n>j>0 

i 


(?)n-i(g)i(i-^' +1 ) 


f3,7,3(q 2 ,q 5 ,q) 


(q) c 

= m(-g 67 , </ 120 , g- 9 ) + <T 9 m(-<z 13 , g 12 V) - q~ 2 m(—q 37 , q 120 , q 9 ) 


-q- L m(-q^,q 1M ,q- 9 )+q 


7 ^12,48^3,40^8,40^ 17,40 <^6,20 J 12,40^14,40^ 


40 


^1«^9,120^18,40^6,40 <^20 *^80 


—2 


+ 9 


_ 4 <^ 12 , 48 ^ 3,40 Js,AqJ 17 , 40 ^ 6 , 20 ^ 8 , 40 ^ 17 , 40 *^ 3,40 
JiJq,12oJ 18,40 J 6 , 40 ^ 20 *^ 40*^80 

-3 <^ 24 , 48 ^ 3 , 40 ^ 12 , 40 ^ 3 , 40 ^ 4 , 20 ^ 12 , 40 ^ 14 , 40^80 

]_ - 1 - — ' - =■ --- 2 - 

<^ 1 ^ 9 , 120 ^ 18 , 40 ^ 6 , 40 ^ 20*^40 

<^ 24 , 48 <^ 3 , 40 <^ 12,40 <^ 3,40 <^ 4,20 <^ 8,40 <^ 34 , 


80 


M w {q) := X X 

n>0 n>j >0 
( — *Z)oo 


<^1 <^9,120 <^18,40 <^6,40 <^20 *^80 


(g)c 


(^■(^•(l-g 2 ^) 

/i,3,i(g, g 4 , <? 2 ) 


= m(-q 11 ,q W ,q 3 ) + q 


_ <^ 4,8<^16,32<^5,16<^6,32 

■A, 2<^8,16<^2,16 


(1.51) 


(1.52) 


(1.53) 


It will have been noticed that some of the expressions in Theorems 11.5111.71 are considerably 
more involved than others. For instance, equation (11.5211 involves four Appell-Lerch series and 
four modular forms while equation (11.531) involves only one of each. This depends on the indefi¬ 
nite theta function f njn+Pjn (x,y,q). In general, the number of Appell-Lerch series grows with n 
and the number of modular forms grows with p. 
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The final goal of the paper is to give identities involving some of the double sums in Theorems 
I1.5H1.7I and “classical” mock theta functions. Namely, we express the double sums M 2 (</), 
M 5 (q), Mg(q), and M 16 (q) in terms of the mock theta functions 


and 


T 0 (q) := E 

n> 0 


g (n+l)(w+2)(_ g 2 ; g2j n 

{-q-,q 2 )n +1 


w(?) := E 

n> 0 


q2n(n+l) 

(«; f 2 ); +1 ’ 


91(9) := E 

n>0 


g ra+1 (-g 2 ;g 2 )n 

(q;q 2 ) n+ i 


Jn+l) 2 ( 2\ 

tt ( \ 9 \~q^ q m 

UM := s ■ 


n>0 


of “orders” 8, 3, 2, and 8, respectively (see El). A similar identity was found in m, namely 

W 2 (q) = 2qT 1 (q) - qS^q) 


where 


s i(q) ■= E 


n> 0 


q n(n+2)(_ q . q 2^ 

(- q 2 ;q 2 )n 


and 


rr,^ '_^q n( - n+1 X-q 2 -,q 2 )r 

-^1 \ Q ) • / j / 2 \ 

^ {-q\q)n +1 


n>0 

are mock theta functions of order 8 mi- 
Corollary 1.8. We have the following identities. 

-7f-7l,8 ^2,4^8,16^1,8^6,16 


M 2 (q) =4T 0 (g) + 2-2 
■M5(9) = l + qu(q), 
M 9 (q) = -A(-q 8 ) + 


+ 


^2,8*^1.8 ^1,4^1,8-73,8 

"^32 -^14,32 «/io, 32 


1 


•MieO?) = X + <? ^ 1(9 ) “9 = 


-^ 16 ,32-^2,32 J 6,32-7 8,32 
8\ -1 -7)32 J 10,32 J 14,32 


-1^64^28,64 , -1 -78,16-732,64-74,32-724,64 

q : -I- q 


J 32 J 4 . 


64 


j 1,4 -7^ 6,32 -7 2,32 


=- + 


^32-^10,32-^6,32 


J 16,32-76,32-78,32-7^2,32 -76,32 -^16,32 -7q,32 J 10,32 


+ 9 


_1 - 78,16-732,64-74,32-724,64 

Jl,A J 2,32 -710,32 


(1.54) 

(1.55) 

(1.56) 

(1.57) 

(1.58) 
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The paper is organized as follows. In Section 2, we prove Theorems 11.11 and 11.21 and record 
some corollaries. In Section 3, we establish a change of base lemma and deduce Andrews’ Bailey 
pairs from those of Bringmann and Kane. In Section 4, we recall important work of Hickerson 
and Mortenson on mock theta functions m and then prove Theorems I1.5H1.7I and Corollary 

P 

In pH, we consider applications of Theorems Il.llfOl to g-hypergeometric double sums related 
to real quadratic fields, in the spirit of [4]. 


2. Proofs of Theorems 11.11 and 11.21 


Proof of Theorem \l.l[ First note that the sequence a' n in (jl.21j) and (11.221) is uniquely defined 
by «g = 0, + = — (1 — q 2 ), and 

J 


a, 


_ g 2 X 

\ _ q2n+A j _ qln 


n+2 


— ^71+1* 


( 2 . 1 ) 


Suppose that the /3' n are given by (11.231) . Then the corresponding a' n satisfy the initial conditions. 
Moreover, using m we have 


a 


71+2 


1 _ q 2n+4 i_ q 


q 2n a'n 

2 71 


V? («Wn« r « )(-l)“+> ,, V- ( 9 ) n+j _ l9 ("= ) +2 "(-l)”« ,, 

h m»->+ 2 ’ h 


( q)n—j 


'A 2 (l 1 


-q n+j ){l - q n+j+1 )q~ 2j+1 

e ,(v +li 1)n + Wl (d - « 2 " +2 )d - <r 2j+i )) % 


3 = 1 


(?)ri—j+2 


(i - ? 2 “ +2 ) E l - 1)+2, +7 1<9Wj( ~ 1) " +j+1 (1 - ? 22+1 )/3' +1 

;=0 \Q)n-j +1 

_(i _ ,2»+2) ^ EE J)( + ( ~ 1)n+J + 

i=o 

^71+1 • 


((/)n+l—j 


□ 


Proof of Theorem \1.2\ Let a = q and let (3' n be defined as in (11.251) . Then 


( l) n ^ (q) n+j (-l) j q^ 3 


1 ~q 


E 


3=0 


( q)n—j 


% (1 - q n+j+1 + q n +i+ 1 ( 1 - g n +) 


(-1)" 

1-9 


(g)n+j+i(-i) J g^ 2 ) + (g)n+j(-i) J g( 2 )+ n +J +1 ^ 

‘ " ( q)n-j (n} ■ , 


O=o 


3=0 


(q)n—j —1 
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1 

1 —q 

1 

1 —q 


' ' (?)n— J 1 1 lnS> 


3 = 1 


3 +1 


i=i 


( Q)n—j 


f a n +i q 2n a-n \ 

V 1 - g 2n+2 + 1 - q 2n ) ’ 


which establishes the result. 


□ 


Note that the proof of Theorem 11.11 implies an inverse result. Since the a' n are uniquely 
defined by the a n in (12.11) together with the initial conditions a' 0 = 0 and a\ = — (1 — q 2 ), we 
have the following. 

Theorem 2.1. If (a' n ,/3' n ) form a Bailey pair relative to 1 with a' 0 = 0 and a\ = —(1 — q 2 ), 
then (a n ,(3 n ) also form a Bailey pair relative to 1, where «o = Po = 1> 

— 1 , q2n—2 

an = 1 _ q 2n+2 a ' n +l + l _ q 2 n- 2 a n-H ( 2 - 2 ) 

and 

A> = -( l-9 2n+1 K+.. (2.3) 

We finish this section with three corollaries of Theorems o and O giving three sets of two 
Bailey pairs involving indefinite quadratic forms. These come from three Bailey pairs in Slater’s 
list m ■ These are not the only three pairs from Slater’s list which lead to indefinite quadratic 
forms in Theorems o and 11.31 but we have limited ourselves to those we will use in the sequel. 
First, on p. 468 of [16] we find the Bailey pair relative to 1, 


and 




1, if n = 0, 

( — l) n (q n + q~ n ), otherwise, 


Pn = 


(-i ) n q 

(q 2 -,q 2 ) 


Applying Theorems 11.11 and 11.31 we have the following. 

Corollary 2.2. The sequences ( a n ,b n ) form a Bailey pair relative to 1, where 

n—1 


am = (1 - 4 4 ”) 4 2 ”*- 2 ” +1 V < T 2ja 


3=~n 


02n+l = -(1 - q 4n+2 )q 2n2 q 


7 -2i 2 —2 j 


3=—n 


and 


hn, — 


0 , 


ifn = 0, 


, 9 n otherwise , 

and the sequences ( a n ,/3 n ) form a Bailey pair relative to q, where 


(2.4) 

(2.5) 


( 2 . 6 ) 












14 


JEREMY LOVE JOY AND ROBERT OSBURN 


«2n — 


'2n * 


1 ~q 

1 


j=-n 


C*2n+1 ~ 


Y 2n J +2n+l 


1-9 


E 


71 — 1 \ 

+ ^+2n+l g -21 2 5 

(2.7) 

j=-n / 


n \ 

2j 2 + g 2n 2 +4n+2 ^ g -2j 2 -2j 

(2.8) 


j=-n-1 


3=—n 


and 


Pn = 


(-1 ) n q- 


(q 2 'i 9 2 )n(l — q 2n+1 )' 

Next, on p. 468 of ns] we find the Bailey pair relative to 1, 

[ 1, if n = 0, 

0^77, — x /n+l\ 

^(—l) n (? \ 2 4(l-(-g n ), otherwise, 

and 

(-lrg-TC 1 ) 


Pn = 


(?) f 


Applying Theorems 11.11 and 11.31 we have the following. 

Corollary 2.3. The sequences ( a n ,b n ) /orm a Bailey pair relative to 1, where 

71—1 


a 2 n = (l - g 4n )g 2n2 — 271 XI <r 4j2 - 3j , 


J=~n 

n 


a 2n+1 = -(1 - q 4n+2 )q 2n2 , 


j=-n 


and 


0, 

K={ , -(3) 


ifn = 0, 


( q )lS- i-g*"- 1 ) ’ otherwise , 
and the sequences ( a n ,p n ) /orm a Bailey pair relative to q, where 

1 


71—1 


«2n — 


1-9 


<r n2 XI + ^ 2ri2+2n S 9" 

j=~n j=—n 


a 2n+1 = - T ^—_ ( ^ 2+2n XI q~ 4j2 ~ 3j + g 2 - 2 + 4 -+ 2 ^ g” 4 ^' 


1-9 


j=-n-l 


(2.9) 


( 2 . 10 ) 

( 2 . 11 ) 


( 2 . 12 ) 


(2.13) 

(2.14) 


j=-n 


and 
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Pn = 


(-1 fg-C^ 1 ) 


(qUl-q 2n+1 Y 

Finally, on p. 468 of |16| we find the Bailey pair relative to 1, 

f 1, if n = 0, 

(— l) n g~ n ( n+3 )/ 2 (l + g 2n ), otherwise, 

(_ l)n^-n(n+3)/ 2 


Oiri. - 


and 


Pn = 


(?)r 


Applying Theorems 11.11 and 11.31 we find the following. 

Corollary 2.4. The sequences ( a n ,b n ) /orm a Bailey pair relative to 1, where 


(2.15) 



n—1 

«2n = (1 - g 4 ")^" 2 - 2 ^ 1 E 9“ 4j2 “ J ', 

j=-n 

(2.16) 


n 

n n 4n+2\ 2n 2 -4j 2 -3 j 

®2n+l (1 9 )9 / , 9 , 

j=—n 

(2.17) 

and 

Jo, if n = 0, 

UE-iB-g^- 1 )’ otherwise , 

(2.18) 


and the sequences ( a n ,p n ) form a Bailey pair relative to q, where 


a 2 n = - 9 

1-q 


^ I ,l n —1 

■ ,2n 2 \ s 4.7 2 — 3.7 i ^2n 2 +2n+l \ ^ ^—4 j 2 —j 


E q~ 4j2 ~ 3j + g 2ri2 + 2n+1 ^ q 

j——n j=—n 


1 | r ,2n 2 +2n+l 

1-9 


«2n+l = | <T' ' ~ E + 9 2n2+4n+2 E ? 


-4j 2 -3j 


j=-n-l 


j=-n 


and 


(_ l)n^-n(n+3)/2 
(9)n(l - 9 2n+1 ) ' 


(2.19) 


( 2 . 20 ) 


( 2 . 21 ) 
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3. The seventh order Bailey pairs of Andrews 


We begin with a change of base lemma for Bailey pairs. For other results of this nature, see 
[7] and [8]. Throughout this section we emphasize the base by saying that a pair of sequences 
satisfying (11.11) is a Bailey pair relative to ( a,q ). 

Lemma 3.1. If ( a n , f3 n ) is a Bailey pair relative to (1, q), then ( a' n , fi' n ) is a Bailey pair relative 
to (1 ,q 2 ), where 


a' n = -(l + q 2n ) q n2 - n a n 


and 


q 


k 2 -k 


1 v-A 

^ (- 1 )2n ^ {q 2 ;q 2 ) n -k 


Pk- 


Proof. We will need the fact that 


(q~ n )k = 7 M^(-l) fc g(2)- fc 

( q)n-k 

along with the identity 

(-l)Y "fc( g -(n-r)) fc (_ g -(n-r)) fc (1 + ^)(g) 2r (-l) 2rl 


E 

k =o 


(q)k(q 2r+1 )k 


2 (q 2 ]q 2 )n+r 


(3.1) 

(3.2) 

(3.3) 

(3.4) 


which follows from a short calculation using the case z = —g , a = q 


_ _ Jin n _ n -n-\-r l _ _ n —n+r 


— ^2r+l 


c = q 


of the second Heine transformation m , 

( a )n(b)n . n _ (c/fr)oo (5~)oo { 9 ^r)n(b)n ( C\ n 

^(c)n(<?)r^ ^ 


n>0 


(c)oo(^)oo n>0 ( bz) n (q) n \b 


h = —q n+r , and 


(3.5) 


Now, beginning with (13.21) . we have 
1 


Pn = 


n h 2 —h 

qJ K 


E 


(-!)2 n “ {q 2 -, q 2 )n-k 


Pk 


E 


9' 


k 2 —k 


E 


( l)2n fc=0 (q 2 -,q 2 )n-k r=0 ( q)k-r(q)k+r 


Oi r 


E ar E 


n qk 2 —k 


( ^)ln 9^)n —k {o)k—r ((/)fc+r 


i n ™^ n k z -\-lkr-\-r z —k—r 

_Lr« V_ i _ 

(-1)2n (q 2 ;q 2 )n-k-r(q)k(q) k+ 2r 


1 


E 


q' 


-a. 




q 


k 2 +2kr—k 


(-!)2n “ (?)2r “ (<? 2 ; g 2 )n-fc-r(<7)fc(<? 2r+1 )fc 


E 


(-!)2n ^ (g)2r(9 2 ;g 2 )n-, fc=Q 


(-i)V nfc (<r 2(n - r) ;g 2 )fc 


(<z) fc (<7 2r+1 ) fe 


(by 
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£ 


-a. 


E 


(-1 ) k q 2nk ( q ~(n- r )) k (- q -(n- r ))k 


( 1)2 n r=0 (<?)2r-(<7 2 ^ Q~)n-r 


(q)k(q 2r+1 )k 


£ 

r=0 


(1 + q*)q 


2r\„r z —r 


2 (q 2 -,q 2 ) n -r(q 2 ;q 2 )n+r 


Oir 


(by H33D). 


This implies the statement of the theorem. 


□ 


Now we insert the Bailey pair in (11.61) (11.81) into Lemma [3.II We obtain a Bailey pair relative 
to (1, g 2 ), where 

71—1 


<4, = |(1 - 4 8 "W 


8n\„6n 2 —An 'y ^ ^—2j 2 —2j 
j=—n 


b' 0 = 0, and for n > 1, 


1 n 

bn = TTiyT E 


4+1 =-^(w^ 4 )? 1 


(-i) fe g fe2 fc (9;r)fc-i 


.8n+4\ _6n 2 +2ra 


£ r* 


j=-n 


(-l)2n (g)2fe-l(g 2 ;g 2 )n-fe 

-1 y. 1 (-l) fc g fc2+fc (g;g 2 ) fc 

(—l)2n “> (9)2fc+l(^ 2 ; <? 2 )n-fc-l 


-1 


n—1 r .2nk( r ,—2ln—l) . „2n „2\ 

g (9 v >9 JfcW 9 Ja 


(-i)2n(g 2 ;g 2 )n-i(i - 9) “ (9 2 ; q 2 )k{q 3 -,q 2 )k 

-1 


(by (ED) 


(-i)2n(g;9 2 )r 

-1 


2 (q 2n ]q 2 )n 

where the penultimate equality follows from the case g = g 2 ,n = n — l,a = g, and c = g 3 of the 
g-Chu-Vandermonde summation [10] 


£ 

k =0 


(a)k(q n )k (cq 
( q)k(c)k 


( c/a)r 
(c)n 


Now multiplying (a' n , b' n ) by —2 and replacing q by g 1 / 2 gives Andrews’ Bailey pair (11.151) - ([1.17D . 
Finally, multiplying (11.151) (11.171) by —1, then applying Theorem 11.21 and Theorem 12.11 gives the 
pairs (11.181) (11.201) and (11.121) - (11.141) . respectively. 


4. Proofs of Theorems 11.5111.71 and Corollary 11.81 

The aDDroach for Drovina Theorems 11.51 11.71 is as follows. We first aDDlv (11.31) and m to 
Corollaries 12.21 |2~H to obtain new Bailey pairs, then use (11.51) in various ways to obtain identities 
expressing g-hypergeometric double sums in terms of the indefinite theta series ([1.291) . Next, 
to deduce that these g-hypergeometric double sums are mock theta functions, we apply the 
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following three explicit results of Hickerson and Mortenson which express (jl.29p in terms of the 
Appell-Lerch series (|1.30jh Define 


ga,bA^y^^z u z 0 ) := £(-y)V(»)j(g W ®,g a )m q ^ 2 -c ) 

£_ ^ 

+ ^-g c ^ 1 )- a ( C t 1 )- t(fe2 - ac) |^^,g c(b2 - ac) ,2 


zo 


t=0 v 

(4.1) 

Following m , we use the term “generic” to mean that the parameters do not cause poles in 
the Appell-Lerch sums or in the quotients of theta functions. 

Theorem 4.1. [12], Theorem 1.6] Let n be a positive integer. For generic x, y E C* 

fn,n+l,n( x ’ 2/> (?) = 9n,n+l,n( x > V, q , y”/®", X n /y n ). 

Theorem 4.2. [12] Theorem 1.9] Let n be an odd positive integer. For generic x, y E C* 


fn,n+ 2 ,n(x, y, q) = g n ,n+2,n( X ’ Vi V™/X™, X U /y n ) ~ 0 n , 2 (x, V, q) 

where 


®n, 2 (x,y,q) := 


y ( - n+1)/2 J2n,4nJ4(n+i),s(n+i)j(y/x, q 4(n+1) )j{q n+2 xy , q 4(n+l '>)j{q 2n /x 2 y 2 , g 8(n+1) ) 


g(n 2 3)/2j»(n 3)/2 j(y n /x n , g4n(n+l)^—gn+2^2^ g4(n+l)^j^ — qn-\-2y2^ g4(n+l)^ 
Theorem 4.3. [ T2l Theorem 1.11] Let n be an odd positive integer. For generic x, y G C* 


fn,n+4,n( x i V, q) = 9n,n+4,n( x > y, y”/®”, a^/V) “ @n, i(x, y, q) 

where 


o ._ y {n2+n 3) a- (n 3)/2 y (n+1)/2 j(y/ a; >y 4(2n+4) ) f T c „ T c i 

™nA x ’ V’ 9) ■ .^ n / x n^ q 4n(2n+4)jj(_ q 2n+8 x 4^ q 4(2n+4)jj(_ q 2n+8^ g4(2n+4)) I/ 4 ’ 1 ’ 16 ”' 51 c t J 8n,16n^>2 j, 

g j(q 6n+W x 2 y 2 , q 4( ' 2n+4 ' , )j(—q 2( ' 2n+4 ' , y/x, q 4 ^ 2n+4 ' , )j(q n+4 xy, g 2 ( 2n + 4 )) 

^2(2n,+4^8(2n+4) 

•|i(-<I 2 " + V 2 9 2 ,, 4 < 2 " +1 >)j( 9 2 ' 2 " +4 >,^(«4) )J 2 2B+4) 

q n+4 x 2 j(—q 6n+16 x 2 y 2 , q 4 ^ 2n+4 ' > )j{q 2 ^ 2n+4 ^y/x, q 4 ^ 2n+4 ^) 2 j{—y/x^ g 4 ( 2n + 4 )) 2 1 

^4(2n+4 j 


and 
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S 2 : = 


+ 


j(q 2n+8 x 2 y 2 , gr 4 ( 2n + 4 ))j(_ yjx, g 4 ( 2n + 4 ) )j(q 3n+s xy , g 2 ( 2n + 4 )) 

T 2 

z(2n+4) 

f g n+1 i(-9 2n+8 ® 2 y 2 ) g 4(2n+4) )j(9 2(2 " +4) y 2 /® 2 ) q ,4(2n+4) )- 7 8(2n+4) 

y«^4(2n+4) 

qxj(-q 6n+16 x 2 y 2 , g 4 ( 2 ™+ 4 ))j(g 4 0+ 4 )y 2 /x 2 , g 8 ( 2n+4 )) 2 1 


J, 


8(2n+4 


Finally, we use the fact that specializations of Appell-Lerch series are well-known to be mock 
theta functions [18], [19], Ch. 1], 

To simplify expressions arising in Theorems 14.11101 we require certain facts about j(x. q) and 
m(x, q, z). From the definition of j(x, q), we have 


j(q n x,q) = (~l) n q ©x n j(x,q) (4.2) 

where n € Z and 

j(x,q) =j(q/x,q) = -xj(x~ 1 ,q). (4.3) 

Next, some relevant properties of the sum m(x,q,z) are given in the following (see (3.2b), 
(3.2c) of Proposition 3.1, (3.3) of Corollary 3.2 and Theorem 3.3 in [12]). 

Proposition 4.4. For generic x, z, z$, z' € C*, 

m(x, q, z) = x~ 1 m(x~ , q, z -1 ), (4-4) 


m(qx , q,z) = 1 — xm(x, q, z), 


(4.5) 


and 


m(q,q 2 ,- 1) 


1 

2 


(4.6) 


m(x, q, z) = m(x, q, zq) + 


zoJij(z/zo,q)j(xzz 0 ,q) 


j{zo , q)j(z, q)j ( xz Q , q)j{xz, q) 
We are now ready to proceed to the proofs of Theorems II.5111.71 


(4.7) 


Proof of Theorem \1.5\ Applying equations (11.31) and (11.41) with (a, pi, P 2 ) = (1,-1, 00 ) to (12.41) 
(|2.6|) and (g, —g, 00 ) to (12.71) (12.91) gives a Bailey pair relative to 1, 


n—1 

<4, = 2(1 - £ ,-S’, 

j=-n 

(4.8) 

n 

a' 2n+1 = -2(1 - q 2n+l )q ^ + 3n+l £ q -2j*-2j, 

(4.9) 


j=-n 


and 
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(-?)n “ (g) n -j(g 2 ;g 2 )j-i(l - <? 2i_1 )’ 


(4.10) 


and a Bailey pair relative to q, 


n —1 


a 2n ~ 


1 I g 4n 2 +n y^ q- 2f-2j + ^4n 2 +3n+l y^ 


-,-2i 


]=-n 


3=~n 


/ _ 1 I 4n 2 +5n+2 

a 2n+l - 1 _ q I Q 


_|_ ^4n 2 +7n+3 q—2j 2 —2j 


j=-n -1 


j=-n 


and 


(4.11) 


(4.12) 


1 A (-1) J '?® 


(4.13) 


respectively. Now to prove (11.351) . we insert the Bailey pair (a' n ,b' n ) from equations (I4.8l) - (|4.10p 
into m with pi, p 2 —>• oo. This gives 


g A4i(g) = ^ q n2 b' n (q) = — q n \' n (q) 

WJc- 


n>0 


n>0 


(9) 

2 


5- fe 9 4 ” 2 «2n(<?) + ?' 


4n 2 +4n+l / 


«2n+l(<?) 


^n>0 


n>0 




n —1 n—1 

8n 2 —n+1 V" „-2i 2 - V", 8n 2 +n+l V" n- 2j 2 


y-^n-n+1 y- q -2j _Y^ q 

n> 0 j=—n n> 0 


(?)o 

y- g 8n 2 + 7n+2 y- g -2j 2 -2j + ^ q ‘ 

n> 0 j=—n 


£* 

j=-n 

n 


-2j 2 -2j M y~^ ^8n 2 +9n+3 n -2j 2 -2j 

n> 0 j=—n 


After replacing n with —n in the second sum and n with —n — 1 in the fourth sum, we let 
n = (r + s + l)/2, j = (r — s — l)/2 in the first two sums and n = (r + s)/2, j = (r — s)/2 in 
the latter two sums to find 
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Ml(q) = 


2 q 

{q)oc 


E - E 

r,s> 0 r,s< 0 

r^s (mod 2) r^s (mod 2) 


9 |r 2 +5rs+fr+|s 2 +|s 


E 

r,s- 
s (rr 

2 q 


E 


qlr 2 +5rs+lr+l s *+ls 


r,s> 0 r,s<0 

r=s (mod 2) r=s (mod 2) 


( c l)oc 

2 q 
(q)<x 


E-E> 

r,s> 0 r,s<0 

/3,5,3(<? 6 , <7 4 , <7)- 


,4r- 2 +5rs+|r+|s 2 + §s 


By (14.141) . Theorem 14.21 with n = 3 and (14.11) (14.31) . 


(4.14) 


Mi(q) = -2 q~ W m(-q~\q w , q») + 2 q-™m{-q-™, q™, q b ) + 2 m(-q 2b ,q w , q~ a ) 


-7 48 „6 


-23„ 


.-23 48 „6\ 


.25 48 -6\ 


-2 q- 10 m(-q-',q 4 *,q-°) + 


-7 „48 -6\ 


2 q 

(<?)oc 


©3,2(g 6 ,g 4 ,^)- 


Now, we simplify (|4.15|) using (14.41) . (14.51) and (14.71) to obtain 


Mi(q) = 4 q- 3 m(-q 7 , q 48 , q 6 ) + 4m(-? 25 , q 48 , q 6 ) - 2 + ^© 3 )2 (? 6 , </ 4 , ?) 

\Qjoo 


, o „-3 ^ 48 *^ 12 , 48 ^ 7,48 , n ^ 48 *^ 12 , 48 ^ 25,48 

I _ n — — I ^ “ 


*^6,48*^ 1,48 ^ 13,48 *^6,48 *^19,48*^31,48 


= 4g- 3 m(-g 7 , (? 48 , q 24 ) + Am(-q 2b , </ 48 , q~' M ) - 4 q 


2 q 


_ i ^ 48 *^ 18 , 48 ^ 7,48 _ 2 + 

^6,48^24,48^1,48^ 17,48 (9) 


©3,2(g 6 ,g 4 ,g) 


+ 2g 


-3 *^48*^12,48<^7,48 , 0 */|s*^12,48^25, 


+ 2 - 


48 


(4.15) 


^48^18,48^11,48 
^6,48^24,48^13,48^ 17,48 


*^6,48 <^1,48^13,48 *^6,48^19,48*^31,48 

Comparing with (11.351) . we are left with a modular identity to verify. Such a verification can 
always be done using a finite computation. This, and similar computations in this paper, were 
carried out using computer software packages available at 

http://www.qseries.org/fgarvan 

This proves identity (11.351) and shows that M\(q) is a mock theta function. 

As equations (jl.36p (|1 .39|) are handled similarly, we briefly sketch the relevant details. For 
equations (II .36|) and (11.371) we again use the Bailey pair (I4.8D - (I4.10|) in (11.51) . with ( p\,p 2 ,q) = 
(y/q, —y/q, q) and (q,oo,q 2 ) and the above argument to obtain 


M 2 („)= {q ’ q2) ~ 


0 q 2 \q 2 


/l,3,l(—O', —O' 3 , <?) 
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and 


MM = 


/i A i(-4 5 .-<rV)' 


(q 2 -,q 2 )oc 

One then proceeds with Theorems 14.21 and 14.11 respectively, and simplifies. 

For (11.3811 and (11.3911 we use the Bailey pair (14.1111 (14.1311 in ((1.511 . with (pi,p 2 , g) = (oo, oo, g) 
and (—g, oo, q) to get 


M.i{q) = -rw— /3,5,3(9 2 ,g 4 ,g) 

\Q)oo 

and 


M 5 (q) = -7 ^°° /i,2,i(g,g 3 ,g 2 )- 

\Q)oo 

Applying Theorems 14.21 and 14.11 respectively, and continuing as above yields the result. □ 

Proof of Theorem \l.b\ Applying equations () 1.3 11 and (11.411 with (a,pi,p 2 ) = (l,oo,oo) to (12.101) 
(12.12[) and (g, oo,oo) to (I2.13D (12. 15 jl gives a Bailey pair relative to 1, 


n —1 

«2n = (1 - q An )q 6n2 - 2n J2 q- 4j2 ~ 3j , 

j=-n 


a 2n+l = “(I - q* n+2 )q 6n2+4n+ i ^ 

j——n 


and 


b 'n = J2 


(-i 




and a Bailey pair relative to g, 


(4.16) 

(4.17) 

(4.18) 


®2 n 


,,6n 2 +2n 


1 -g 


E 


j=-n 




+ q 


6n 2 +4n 


n—1 

E- 

j=—n 


—4j 2 —3j 


(4.19) 


a 2n+l — 


1 -g 


g 6n 2 +8n+2 ^ q -±j 2 -Zi + g 6n 2 + 10n+4 ^ ? -4j 2 -j 


J=-n-l 


j=-n 


and 


& = £ 


(-iy g m 


(g)n-j(g)i(i -g 2i+1 )’ 


(4.20) 


(4.21) 


respectively. For the identities (11.401) (11 .441) in Theorem ll.Gl we use the Bailey pair (14. 1611 - (14. 181) 
in (USD with (pi, P2 1 q ) = (oo, oo, g), (-l,oo,g), (y/q,-y/q,q), (g,oo,g 2 ), and (-l,-g,g 2 ) to 
obtain 
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M s (q) = --r^— f3j,3{q ,q ,q), 

\Q) oo 

A/) ( \ 2g , 2 (—( 7 ) 0 o / 4 5 2 \ 

■Wr(?) =- -r~\ -/1,3,i(9 ,9,9), 

W/oo 

\ a t \ 9(9;9 2 )oo j. , 2 3 ^ 

■MsO?) = , 2 . 2 v /l,5,l(—9 >-9 >9), 

^19 ) 9 Joo 

\ a l \ 9 3 (g;9 2 )oo^ ,7 9 4 A 

M${q) = 7 2- 2 x — h,3,i{-q ,-q ,9 ), 

[q 1 q )oo 

\ a < \ 2q 3 (—q) oo 5 7 2a 

10(9) =-7 \-/i,5,i(9 ,9 ,9 ), 

\Q)oo 

respectively. One then applies Theorems 14.21 and 14.31 and proceeds as in the proof of (11.3511 . The 
identities (jl.45p and (11.4611 follow similarly but with the Bailey pair (14.1911 (I4.21H in (11.511 with 
(PuP 2 ,q) = ( 00 , 00 ,q) and (~q,oo,q) yielding 


•Mil (9) = wr—/3,7,3(9 3 ,9 4 ,9) 

\Q) 00 


and 


^12(9) = 7 f °° /i,3,i(9 2 ,9 3 ,9 2 )- 

\Q)oo 

One now applies Theorems 14.31 and 14.21 respectively, and simplifies. 


□ 


Proof of Theorem Applying (11.3(1 and (|1.4(1 with (a, pi,P 2 ) = (l,oo,oo) to (12. 1611 - (12.1811 and 
(q, 00 , 00 ) to (|2.19ll - (l2.2ip . we obtain a Bailey pair relative to 1, 


4n\^6n 2 —2n+l 


n— 1 


a 2 n = (! - q 4n )q 

«2n+l =-(l -q 4n+2 )q 


E« 


-hr-j 


]=-n 


,4n+2\ 6n 2 +4n+l 


£ 9- 4j2 - 3j \ 


and 


<(. = E 


(-l)Jg® 


3=-n 


+1 


^' i {q)n-j(q)j-i{l-q 2j 1 )’ 


and a Bailey pair relative to q 


(4.22) 

(4.23) 


(4.24) 


®2 n 


1-9 


9 


6n 2 +2n 


n—1 


q-4j 2 -3j _|_ ^6n 2 +4n.+ l yy 


-4y 2 -.j 


j=-n 


3=—n 


(4.25) 
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a 2n+l ~ — i 

1 - i 


^6n 2 +8n+3 ij 2 —j _|_ ^6n 2 +10n+4 ^ 


-4j' 2 -3j 


(4.26) 


j=-n-l 


j=-n 


and 


& = E 


(-l)V* 


j=0 




(4.27) 


respectively. For the identities (11.47D — (11.511) in Theorem 1 1.71 we use the Bailey pair (|4.22l) - (|4.24l) 
in dH5|) with (pi,p 2 ,g) = (oo,oo,g), (-l,oo,g), (y/q,-y/q,q), (q,oo,q 2 ), and (-1 ,-g,g 2 ) to 
obtain 

M w (q) = - j4— /3,7,3(<? 4 , g 7 , <?), 

\Q)oo 

Mu(q) = - 2q ^^°° /i,3,i(g 3 , q 6 , q 2 ), 


(?)c 


Mi 5 (q) = 


(g;g 2 


2 (q 2 ;q 2 ^ 


-/l,5,l(—g, —<? 4 , O'), 


A A <„\ — Q 2 )oo f t 5 „11 „4a 

■M-i&yq) — /„ 2 . t 1 , 3,1 (. g i~Q ,q )> 


(g 2 ;g : 

Mn{q) = _ 2g | ^°° /i |5; i(g 3 ,g 9 ,g 2 ), 

(?) OO 

respectively. One then applies Theorems 14. 2l and l4.3l and proceeds as above where (14.61) is used for 
A4i6(?)- The identities (11.521) and (11.531) follow similarly but with the Bailey pair (|4.25l) - (|4.27l) 
in (11.51) with (pi,P 2 ,q) = (oo,oo ,q) and (—q,oo,q) yielding 


and 


•Ad i8(?) = rw- /3,7,3(g 2 ,g 5 ,g) 

\Q) oo 


•Ad i 9 (g) = ^„^°° /i,3,i(g»g 4 .g 2 ) 


(g)c 

One applies Theorems 14.31 and 14.21 respectively, and simplifies. 


□ 


Proof of Corollary \1.8[ The identities in Corollary 11.81 are established by comparing the expres¬ 
sions in Theorems 11.51 [L7l with those for classical mock theta functions. We sketch the details. 
Equations (5.37) and (5.8) in [12] state 


r 0 (g) = -m(-q 6 ,q*,q ) 


and 
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<*>(?) = -2 q l m{q, q 6 ,q 2 ) + . 

^ 2 ^ 3,6 

By (g3D , (14.511 . (|4.7|) . (jl.36j> and (11.3911 . (11.5511 and (11.5611 follow. Equations (5.1) and (5.40) in 
[12] state 


A(q) = ~m(q,q 4 ,q 2 ) 

and 

Ui(q) = -m(-q,q 4 ,-q 2 ). 

By (14. 711 . (11.4311 and (1 1. 50[1 . ([1 .5711 and ([1.58(1 follow. 


□ 
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